Abstract. The goal of this article is two-fold: First, to prove a (two-variable) main conjecture for a CM field F without assuming the p-ordinary hypothesis of Katz, making use of what we call the Rubin-Stark L-restricted Kolyvagin systems which is constructed out of the conjectural Rubin-Stark Euler system of rank g. (We are also able to obtain weaker unconditional results in this direction.) Second objective is to prove the ParkShahabi plus/minus main conjecture for a CM elliptic curve E defined over a general totally real field again using (a twist of the) Rubin-Stark Kolyvagin system. This latter result has consequences towards the Birch and Swinnerton-Dyer conjecture for E.
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Introduction
Let F be a CM field and suppose [F : Q] = 2g. In the particular case when F is an imaginary quadratic field, the main conjectures of Iwasawa theory over F has been settled in [Rub91] using elliptic units. For a general CM field F , all major work related to Iwasawa's main conjecture utilized congruences of modular forms (and have relied on the CM-form method in [HT93, HT94] or the Eisenstein ideal technique in [Mai08, Hsi12] ) as the main tool. That approach required that the following p-ordinary condition (1.1) of Katz holds true. Fix an embedding ι p : Q ֒→ Q p .
There exists a CM-type Σ such that the embeddings Σ p := {ι p • σ} σ∈Σ (1.1) induce exactly half of the places of F over p.
Let F ∞ denote the maximal Z p -power extension of F and set Γ = Gal( F ∞ )/F . Let
, where W is the valuation ring of Q p . Assuming (1.1), the relevant Iwasawa module X Σ is Λ-torsion and Katz in [Kat78] has constructed a p-adic L-function L Σ ∈ Λ.
In this case, Hsieh in [Hsi12] proved that the characteristic ideal of X Σ is generated by L Σ under suitable hypothesis, thereby proving the Iwasawa main conjecture for F . The author has also obtained results along these lines in [Büy13b] using the conjectural Rubin-Stark elements. The approach in loc.cit. is based on a refinement of the rank-g Euler/Kolyvagin system machinery and relies crucially on the assumption (1.1) for an analysis of the local cohomology groups above p. All these techniques towards the proof of main conjectures for a general CM field F alluded to above fall apart when the p-ordinary condition (1.1) fails. One difficulty is that in the absence of (1.1), neither the relevant Iwasawa module is Λ-torsion nor the p-adic L-function belongs to the Iwasawa algebra. Beyond the case g = 1, nothing substantial along these lines was known; when g = 1 Rubin has proved the two-variable main conjecture in [Rub91] . Furthermore (still when g = 1), if A/Q is an elliptic curve that has CM by the ring of integers O F of F , Kobayashi in [Kob03] formulated a pair of conjectures which are both equivalent to the cyclotomic main conjectures of Perrin-Riou and Kato [PR93, Kat04] for A. Pollack and Rubin in [PR04] proved Kobayashi's conjectures using Rubin's proof of the two-variable main conjecture in [Rub91] and incorporating Kobayashi's theory of plus/minus Selmer groups with the elliptic unit Euler system.
The goal of this article is to appropriately modify and extend the methods of [Büy13b] so as to prove (conditional on some standard conjectures)
• a two-variable main conjecture for a general CM field F even the absence of the hypothesis (1.1) using the (conjectural) Rubin-Stark elements (this is Theorem A below); • a divisibility in the (one-variable) cyclotomic main conjecture for a p-supersingular CM elliptic curve defined over a general totally real field (this is Theorem B below); • prove that the divisibility in the previous item may be upgraded to an equality using the structure of the module of Λ-adic Kolyvagin systems, as described in [Büy13a] (we provide a detailed account of this in Section 4 below).
Notation. Before we explain our results in greater detail, we set some notation. Let E be an elliptic curve defined over a totally real field F + , which has CM by an order O of an imaginary quadratic field K. Let F = F + K be the composite CM field and fix once and for all an odd prime p that is coprime to the index [O K : O] of O inside the maximal order O K and which is inert in K/Q. We denote the unique prime of K above p also by p and we denote the completion K p by Φ. We let O denote the ring of integers of Φ.
Let K ∞ denote the unique Z This statement was proved by Rubin [Rub91, §11] when F + = Q, using elliptic elliptic units. To obtain the generalization above we make use of the Rubin-Stark elements. To do so, the CM rank-g Euler/Kolyvagin system machinery developed by the author in [Büy13b] (relying crucially on the p-ordinary hypothesis (1.1)) requires a non-trivial refinement. This is one of the major tasks we carry out in this article.
For the rest of our results, we assume that the prime p splits completely in F + /Q. This assumption could be removed (but allowing also only weaker results); see Remark 1.3 below. Thanks to this assumption we may adopt the (local) methods of Kobayashi [Kob03] and define the signed Selmer groups Sel ± p (E/F cyc ). In this situation, we are lead to formulate a (conjectural) explicit reciprocity law for the Rubin-Stark elements; see Conjecture 6.14. This conjecture on one hand proposes a natural extension of the Coates-Wiles explicit reciprocity law and on the other, it furnishes us with a link between the tower of Rubin-Stark elements and the Park-Shahabi signed p-adic L-functions L ± p (E/F + ). Theorem B gives a proof of the cyclotomic main conjecture for E for a supersingular prime p under our running assumptions.
1 Since our sights are mainly set on the proof of the cyclotomic main conjecture for CM elliptic curves over F + (that is, Theorem B below), we contend ourselves to prove only a two-variable supersingular main conjecture over F . However, the methods of this article seem flexible enough to treat the more general case and prove a more general main conjecture (e.g., over the maximal Z p -power extension F ∞ /F ).
Theorem B (Theorem 6.25). Assuming the Explicit Reciprocity Conjecture 6.14 for Rubin-Stark elements, the divisibility char Sel We remark that we do not descent from the two-variable main conjecture in order to deduce Theorem B (as done so in [PR04] ) but instead, we rely further on the author's results on the structure of the module of Λ-adic Kolyvagin systems. This alternative approach has the advantage that we need not worry about pseudo-null submodules of various Iwasawa modules.
Remark 1.1. Although the existence of the Rubin-Stark elements is highly conjectural, one may prove (Theorem 4.1 below) that the Kolyvagin systems that they descend do exist unconditionally. One may work with these Kolyvagin systems for the most part to prove statements which lead to Theorem A and B (Theorem 4.2 and Proposition 4.4); however, the Reciprocity Conjecture 6.14 that links the Kolyvagin systems we construct with the L-values could be stated most naturally in terms of the conjectural Rubin-Stark elements.
Theorem B has the following important consequence towards the conjecture of Birch and Swinnerton-Dyer for the CM elliptic curve E /F + :
Theorem C (Theorem 6.26 below).
(
is finite and
(2) If further the strong form of the Rubin-Stark conjecture holds true and, (a) if L(E/F + , 1) = 0 then E(F + ) is finite and
Remark 1.2. It seems very plausible that the methods of this paper would allow us to deduce Theorems A, B and C above unconditionally under the additional hypothesis that
The idea goes roughly as follows (we hope to provide the details in a future note): Firstly, by the assumption that
We may use the main theorem of [Büy11] to lift these classes to a Λ-adic Kolyvagin system (for certain modified Selmer structures which are defined in Section 2 below) for the G F -representation T p (E), so as to view these classes (obtained from elliptic units) as the initial terms of this Λ-adic Kolyvagin system. Using this Λ-adic Kolyvagin system (whose initial term is explicitly given in terms of elliptic units), one could deduce Theorems A, B and C unconditionally. Remark 1.3. In a forthcoming joint work with Antonio Lei, we shall extend some of the results of this paper to treat a CM abelian variety of arbitrary dimension. This shall be accomplished by appropriately generalizing the Kobayashi-Sprung plus/minus Coleman maps that we utilize here. Using this work, we may remove the hypotheses on Theorem B and C that p splits completely in F + /Q; however in that case, we could only deduce only one of the signed main conjectures.
Overview of the methods and layout of the paper. We briefly outline the basic technical ingredients that go into the proofs of the Theorems A, B and C.
In order to prove the two-variable main conjecture (Theorem A) we use the Rubin-Stark element Euler system of rank g. This requires to refine the rank-g Euler/Kolyvagin system machinery in the supersingular setting where the assumption (1.1) is no longer valid. the first step is to introduce various modified Selmer structures (Section 2) that produces Selmer groups that compare well with their classical counterparts. We construct and study in Section 4 the Kolyvagin systems associated to these modified Selmer structures. We in fact do this first unconditionally, then in Section 4.1 using the Rubin-Stark elements (recalled briefly in Section 3). These Kolyvagin systems are then used in Section 5 (along with the arguments of Section 2.5 to compare the modified Selmer groups (that we control by the Rubin-Stark Kolyvagin systems) to the classical Selmer groups) to prove the divisibility statement in Theorem A. We then show that this divisibility may be upgraded to an equality by exploiting our results in Section 4 on the structure of Λ-adic Kolyvagin systems.
To deduce Theorem B (the cyclotomic main conjecture for a CM elliptic curve E for a supersingular prime p) we appeal to Kobayashi's local theory, with which directly apply the Kolyvagin system machinery developed in Section 4. This is one of the main differences with the approach in [PR04] , which ultimately relies on various explicit calculations with elliptic units which are not at our disposal. We get around of this issue by systematically utilizing our results on the modules of Kolyvagin systems. Kobayashi's plus/minus Selmer groups (and the corresponding pair of p-adic L-functions of Park-Shahabi) are recalled in Sections 6.1 and 6.2. The Explicit Reciprocity Conjecture we formulate in Section 6.3 relates the tower of Rubin-Stark elements (along F ∞ ) to the special values of (twisted) L-functions attached to E at s = 1. This conjecture should be thought of as an extension of Coates-Wiles explicit reciprocity law [CW77, Wil78] for elliptic units and we believe that Conjecture 6.14 should be of independent interest for future investigation.
The proof of Theorem C follows from Theorem B easily. A key ingredient is a result of [NQ -D84] on the psuedo-null submodules of a natural Iwasawa module.
1.1. Notation and Hypotheses. For any field k, let k denote a fixed separable closure of k and let G k = Gal(k/k) denote its absolute Galois group.
Throughout we fix a rational odd prime p and embeddings Q ֒→ C and Q ֒→ C p where C p is the p-adic completion of Q p . We normalize the valuation val p and the absolute value | · | p on C p by assuming val p (p) = 1 and |p| p = p −1 . For any positive integer n, let µ µ µ n denote the nth roots of unity and µ µ µ p ∞ = lim − → µ µ µ p m . Let F be a CM field and let F + be its maximal real subfield as in the Introduction. Let χ : G F → O × be any Dirichlet character whose order is prime to p and which has the property that (1.2) χ(℘) = 1 for any prime ℘ of F above p. and that (1.3) χ = ω, where ω is the Teichmüller character giving the action of G F on µ µ µ p . Later in Section 6, we will work with a particular character χ attached to a CM elliptic curve E.
Let R be the set of primes of F that does not contain any prime above p nor any prime at which χ is ramified. Define N (R) to be the square free products of primes chosen from R. For ℓ ∈ R, let F (ℓ) be the maximal p-extension inside the ray class field of F modulo ℓ and for
for the composite field. We consider the following collections of finite abelian extensions of F (resp., of L):
For any non-archimedean prime λ of F , fix a decomposition group D λ and the inertia subgroup
Bearing this relation in mind, we will write X ∨ for Hom(X, Φ/O) when X is an O-module. Let F ∞ and F cyc be as above. Let F n denote the unique subextension of F cyc /F which has degree p n and set Γ n = Gal(F n /F ). We let G F act on Λ (resp., Λ cyc ) via the tautological surjection G F → Γ (resp., G F → Γ cyc ). For an O-module X of finite type which is endowed with a continuous action of G F , we let G F act on the Λ-module X ⊗ O Λ by acting on both factors.
2. Selmer structures and comparing Selmer groups 2.1. Structure of the semi-local cohomology groups. Let M = M 0 · F (η) be a member of the collection E, where M 0 is a finite subextension of
-module which is free of rank d as an O-module. Suppose in addition that X satisfies the following hypothesis:
Lemma 2.1. Suppose X is above. Let M ∈ E be an extension of F and let P be a prime of M lying above p. Then
Proof. Let ℘ be the prime of F lying below P and set D P = Gal(M P /F ℘ ). Then either D P is trivial and in this case Lemma follows from (H.p1), or otherwise D P is a non-trivial p-group. Then,
where the last equality holds thanks to (H.p1) and local duality. This shows that H 0 (M P , X * ) = 0 and thus by local duality that H 2 (M P , X) = 0, as desired. The second assertion is proved in an identical manner.
Definition 2.2. For j = 0, 1, 2 define the semi-local cohomology groups
and let loc p :
denote the localization map.
Proposition 2.3. Suppose (H.p1) holds true. , the hypothesis (H.p1) is verified for X = T since we assumed (1.2) and (1.3) as well as for X = T (E), the p-adic Tate module of an elliptic curve E/F + with supersingular reduction at every prime of F + above p. In particular, the conclusions of Proposition 2.3 hold true both choices of G F -representations.
2.2. Modified Selmer structures for G m . The constructions in this subsection and the next will be only needed for sharpening the divisibility in the cyclotomic main conjecture for the CM elliptic curve E, which we shall prove later. The reader who is content with one divisibility in the main conjecture may skip these two subsections.
Definition 2.5. Let R be any ring and M be any R-module. For any submodule
is the natural map and Frac(R) is the total ring of fractions of R.
Proof. This follows from [NSW08, §8.6.12], along with our assumption that χ is different from the Teichmüller character ω.
Definition 2.7. 
F under the natural (surjective) corestriction map. Note that such a direct summand exists thanks to Proposition 2.3(i) and Nakayama's Lemma. Note further that we have the direct sum decomposition lim
We will make use of the following Selmer structures on the G F -representation T while proving a Gras-style conjecture in Section 5 below.
Definition 2.10. By Kummer theory, we may identify
and similarly for any prime q of F , the local cohomology group
• The canonical Selmer structure F can is given by the choice of local conditions
for all primes q of F .
• The L-restricted Selmer structure F l is given by the local conditions -
• The p-transversal-Selmer structure F tr is given by the local conditions -
We refer the reader to [MR04, §2.1] for the definition of a Selmer structure in its most general form.
Definition 2.11. Given a Selmer structure F on T , we define the dual Selmer structure F * on T * using local Tate duality (as in [MR04, Definition 2.3.1]).
Recall the finite set Σ of primes of F which consists of all primes that ramifies in L/F , all archimedean primes of F and all primes of F above p. Let F Σ denote the maximal extension of F contained inF which is unramified outside Σ and let G Σ denote the Galois group Gal(F Σ /F ).
Definition 2.12. For F = F can , F L , or F null , we define the F -Selmer group on the subquotient X of T by setting
Example 2.13. We have
2.3. Modified Selmer structures for G m along F cyc and F ∞ . We set T cyc := T ⊗Λ cyc and T = T ⊗ Λ (with diagonal G F -action). The definitions we give in this section will be used to prove various forms of CM main conjectures, which will in turn be used to turn the divisibilities in the cyclotomic (supersingular) main conjecture for CM elliptic curves into equalities.
Definition 2.14. The canonical Selmer structure F can on X (where X = T cyc , T) is given by the choice of local conditions 
Fcan (F, T ) by the discussion in §.1.6.C, Proposition B.3.3 along with the proof of Proposition 3.2.6 of [Rub00] . Note that in order to compare local conditions at p, we rely on our assumption (1.2). This and Lemma 2.6 shows by Nakamaya's lemma that the Λ cyc -module H 1 Fcan (F, T cyc ) may be generated by at most g elements. It is easy to see that these generators cannot satisfy a non-trivial Λ cyc -linear relation.
Remark 2.16. One may use Nekovář's theory of Selmer complexes to give a more conceptual proof of Lemma 2.15 (in fact, along the way, to prove also that the Λ-module H 1 Fcan (F, T) is free of rank g, which what we explain in what follows). Let RΓ f,Iw (F ∞ /F, T ) be Nekovář's Selmer complex associated to T, which is given by the Greenberg local conditions determined by the choice U + v = T for every prime v of F above p. As we have assumed (1.2), it follows from [Nek06, Lemma 9.6.3] (and [Nek06, Proposition 8.8.6] used in order to pass to limit) that
where H 1 f denotes the cohomology of the Selmer complex in degree 1. Under the hypothesis (1.2), Nekovář proved that the Selmer complex may be represented by a perfect complex concentrated in degrees 1 and 2. In particular, its cohomology in degree 1 is a projective (hence free) Λ-module. The fact that it is of rank g may also be deduced from Nekovář's control and duality theorems: We have
where γ * is a topological generator of Γ/Γ cyc and the first isomorphism follows from Nekovář's control theorem [Nek06, 8.10 .1] ; second from his duality theorem [Nek06, 8.9.6 .2]. One may identify H
and argue using classical Iwasawa theory that the cokernel (2.1) is Λ cyc -torsion and the Λ-module H 1 Fcan (F, T) cannot be generated by less than g elements. On the other hand, the proof of Lemma 2.15 shows that it may be generated by at most g elements as well.
Definition 2.17. Let V − F be as in Definition 2.7 and let V cyc be any rank-g direct summand of (the free, rank-2g
The existence of such a direct summand follows once again from Nakayama's lemma. It is also easy to observe that Proof. Consider the commutative diagram
we have Loc p (u) = 0 and letū denote its image under the left vertical map. The diagram above shows thatū = 0, thence
, where γ is any topological generator of Γ cyc . Write u = (γ − 1)u 0 . We have therefore have (γ − 1)Loc p (u 0 ) = 0 by the choice of u. Since the quotient H 1 (F p , T cyc )/V cyc is Λ cyctorsion free, it follows that Loc p (u 0 ) = 0, and repeating the argument above we conclude that u = (γ − 1)u 1 with u 1 ∈ H 1 Fcan (F, T cyc ). On running this procedure k times, we conclude that u ∈ (γ − 1) k H 1 Fcan (F, T cyc ) for every k and thence u = 0 and the map Loc p is injective, proving the first assertion. The proof of the second follows from the first in a similar manner.
Definition 2.19.
We will make use of the following auxiliary Selmer structures on the G F -representation T while proving various main conjectures for the field F in Section ?? below. These results will in turn be utilized in sharpening the divisibility in the supersingular main conjecture for a CM elliptic curve E.
Definition 2.20.
As in Definition 2.12, all these Selmer structures give rise to a Selmer group (as well as a dual Selmer group, attached to the dual Selmer structure) Remark 2.21. Any of the Selmer structures above propagates (see [MR04, Example 2.1.7]) to give rise to Selmer structures on any subquotient of T. The propagated Selmer structure will still be denoted by the same symbol F .
Remark 2.22. The Selmer structure F tr on T propagates to recover the Selmer structure F tr on T , given as in Definition 2.20. Likewise, if the rank-1 direct summand L is chosen to lift l (which was given in Definition 2.9), then the Selmer structure F L on T propagates to recover the Selmer structure F l on T .
2.4. Modified Selmer structures for E. We set T(E) = T (E) ⊗ Λ and T cyc (E) = T (E) ⊗ Λ cyc . The goal in this section is to define various Selmer structures for these representation which we shall study with the aid of the (conjectural) Rubin-Stark elements. Note that in order to do so, we will exploit the fact that T(E) is closely related to the representation T for an appropriately chosen Dirichlet character χ.
2.4.1. Preliminaries. As above, let E be an elliptic curve defined over F + which has CM by K. We shall assume that p is inert in K/Q. We denote the unique prime of K above p also by p and the completion K p by Φ. By slight abuse, we let O denote the ring of integers of Φ and let ρ :
be the associated p-adic Hecke character. For any G F -module Y , we define its twist by ρ by setting
Theory of complex multiplication allows one to identify T p (E) with O(ρ), the free O-module of rank 1 on which G F acts via ρ. We will implicitly identify the Cartier dual T p (E) * with E[p ∞ ] via the Weil pairing.
denote the character which gives the action of G F on E[p] and let ρ := ρ ⊗ ω −1 E . Note then that the character ρ factors through Γ. Throughout this section we will set the character χ = ω E so that
Definition 2.24. Let tw : T → T (E) (the twisting map) denote the compositum of the maps
where W is induced from Weil pairing. The twisting map induces isomorphisms
and for every place v of F ,
Selmer structures. We set
) be its projection. Note that M is a free Λ-module and M cyc a free Λ cyc -module, and both have rank g.
∨ is torsion, then so is the quotient
Remark 2.26. The statement that the module H
is Λ cyc -torsion is a form of Leopoldt's conjecture for T (E). We will prove this conjecture later in Section 6.5 (relying on Corollary 4.3 below) using the Rubin-Stark Kolyvagin systems.
Proof of Lemma 2.25. Let γ * be any lift of a topological generator of Γ/Γ cyc . Proof follows, as in the discussion of Remark 2.16 (particularly, using Nekovář's control theorem as in (2.1)), once we verify that
(This is because the quotient loc p (H 1 (F, T cyc (E))) /M cyc is a homomorphic image of the quotient
where the second isomorphism is by [MR04, Lemma 3.5.3] and hence, we conclude thanks to our assumption that H
) be a free rank-g direct summand with the property that V cyc E ∩ M cyc = 0. Note that such a direct summand exists by rank considerations. Let V E ⊂ H 1 (F p , T(E)) be any rank-g direct summand which maps onto
See Remark 6.17 below for a natural choice of V cyc E under the additional hypothesis that p splits completely in F + /Q, using Kobayashi's plus/minus Iwasawa theory. We will use these choices in order to prove the main theorems of this article.
Remark 2.28. The proof of Proposition 2.18 may be modified to prove that V E ∩M = 0 as well.
As before, the existence of such a direct summand follows from Nakayama's lemma. Let L E ⊂ H 1 (F p , T(E)) denote its isomorphic image and L cyc E its image under the projection map to H 1 (F p , T cyc (E)).
Note that V ∩ loc p H 1 Fcan (F, T) = 0 by the observation in Remark 2.28.
Definition 2.30.
• The Kobayashi Selmer structure F Kob is given by the local conditions
Given a Selmer structure F on T(E), we can talk about the dual Selmer structure F * on T * , the Selmer group attached to it and its propagations to the various subquotients of T(E) (most important of which are T cyc (E) and T (E) for our purposes), as we have done so previously. Via the twisting isomorphism tw, we also obtain a Selmer structure (by a slight abuse, which we still denote by F L or F Kob ) on T (and on its various subquotients).
2.5. Global duality and comparison of Selmer groups. Let R be a complete local noetherian domain with maximal ideal M. Let X be an R-module of finite type. We will write X := X ⊗ R R/M for its reduction modulo the maximal ideal of R. Note that
In particular, when χ is chosen to be ω −1 E , it follows thanks to the Weil pairing that all the six residual representations we consider above agree.
Let k denote the residue field of O.
Lemma 2.31. Assume the truth of Leopoldt's conjecture for the number field L. We have
Proof. As explained in Example 2.13 we have H
Lχ , and hence Lemma 2.6 shows that the O-module H 1 Fcan (F, T ) is free of rank g under the running assumptions. On the other hand,
χ is finite and it follows from the discussion in Section 5.2 of [MR04] that
Observe that we have by the choices we have made that
The first part of the proposition follows from (2.2) and the second part may also be deduced by replacing F 's by G's.
Remark 2.32. Throughout this paragraph, F will stand for any of F l , F L or F L , with the conventn that if F = F L the χ = ω E . Corollary 4.5.2 of [MR04] asserts that the module of Kolyvagin systems KS(F , T ) is a k-vector space of dimension one , thanks to the second part of Lemma 2.31. On the other hand, it follows from the main theorem of [Büy13a] that these residual Kolyvagin systems deform to X (where X = T, T(E), T cyc or T cyc (E)) and that the module KS(F , X) is free of rank one over the corresponding coefficient ring. The elements of these modules (namely, Kolyvagin systems) are used to bound the characteristic ideal of
The generators of the module of Kolyvagin systems are characterised by the property that the bounds they give on the characteristic ideal of H 1 F * (F, X) ∨ are sharp. We will later use the (conjectural) Rubin-Stark elements to construct these Kolyvagin systems and exploit facts recalled above in order to verify the sharpness of the bounds we shall obtain on the Kobayashi Selmer groups for the CM elliptic curve E.
Proposition 2.33. Assume that Leopoldt's conjecture holds for L. Then,
is Λ cyc -torsion is a form of the weak Leopoldt conjecture for E. See Corollary 4.3 and Theorem 6.21 below where we verify the weak Leopoldt conjecture for the CM elliptic curve E (at primes p which split completely in F + /F ) assuming the Explicit Reciprocity Conjecture 6.14 for the Rubin-Stark elements.
Proof. The first group of assertions follow from the definitions. Let M cyc be as at the start of Section 2.4.2. The quotient loc p (H 1 (F, T cyc (E))) /M cyc is a torsion Λ cyc -module by Lemma 2.25 (under our assumption of the weak Leopoldt conjecture for T (E)).
Let γ * ∈ Γ be any lift of a topological generator of Γ/Γ cyc . The exact sequence
yields and injection
and we conclude by Nakayama's Lemma that H 
Then the following sequence is exact: 
We also let ∧ r X denote the isomorphic image of ∧ r X under the map j : As further explained in [Büy13b, §3.1], the Rubin-Stark elements may be used to construct an Euler sytem of rank g for T (in the sense of [PR98] , as appropriately generalized in [Büy10] so as to allow denominators). We omit the details here and refer the reader to [Büy13b] . This Euler system of rank g is a collection C (g)
R-S will be called Rubin-Stark Euler system of rank g for T .
3.1. Strong Rubin-Stark Conjectures. Let F † ⊂ F ∞ be any Z p -extension of F disjoint from F cyc over F and let Γ † = Gal(F † /F ) so that we have Γ = Γ † × Γ cyc . Let γ † be a topological generator of Γ † and let γ cyc denote a fixed topological generator of Γ cyc . Given positive integers m, n we let
Observe that F m,n is the joint of F (m) and F
(n)
. The following diagram summarizes the definitions in this paragraph:
Let m, n be arbitrary positive integers.
We argue as in Remark 2.16. By Nekovář's control theorem
∨ is prime to γ p m cyc − 1, and by the structure theorem for finitely generated Λ cyc -modules we see that
is finite, concluding the proof of (i). The argument above may be used to prove that coker The proof of (iii) follows similarly. We indicate the main steps. First, we verify that
is free of rank g. Next, we check that
Fcan (F m,n , T )), say again with basis {y 1 , · · · , y g }. Furthermore, it follows by Nakayama's lemma that H 1 Fcan (F m,n , T ) may be generated by at most g elements, say by {v 1 , · · · , v g }. It is easy to check as above that a non-trivial linear relation of {v 1 , · · · , v g } would yield a nontrivial relation among {y 1 , · · · , y g }, concluding the proof that {v 1 , · · · , v g } is a basis of H 1 Fcan (F m,n , T ).
Remark 3.5. By Proposition 3.4(iii) it follows that 
(where the exterior product is evaluated in the category of Λ-modules) such that for every subextension F ⊂ M = F m,n ⊂ F ∞ as above, the image of S ∞ under the natural projection to
the χ-isotypic component of the Rubin-Stark element. Assuming the truth of the Strong Rubin-Stark conjecture, we set
to denote the image of S ∞ . 
Kolyvagin systems for G m and E
Until the end of this paper, we assume the truth of Leopoldt's conjecture for L. This in particular shows that d = 0. Let P be the set of all primes of F that complements the set of primes F at which T is ramified and the set of primes above p. Let KS(T, F L , P) denote the module of L-restricted Kolyvagin systems for the triple (T, F L , P), defined as in [Büy13b, Definition A.12]. We similarly define the modules KS(X, F , P) where
It follows from [MR04, Theorem 5.1.1] and Lemma 2.31 that the k-vector space KS(T , F , P) has dimension one (F = F L or F L ). The following theorem asserts that these Kolyvagin systems may be lifted to various deformations of T . The following theorem summarizes the main applications of the Kolyvagin systems whose existence are guaranteed by the previous Theorem. Let (R, X, F ) be any one of the five triples
(i) Both Λ-modules of KS(T, F L , P) and KS(T(E), F L , P) as well as the
Theorem 4.2. Suppose that κ κ κ ∈ KS(X, F , P) is a Kolyvagin system whose initial term 
is the initial term of the Kolyvagin system κ κ κ ℘ ∈ KS(X ⊗ Λ/P, F , P) and it follows from (i) applied with R = Λ/℘ ∼ = O that the Λ/℘-module
∨ is finite. This shows by the structure theorem for finitely generated Λ cyc -modules that the
∨ is finite, it follows from Lemma 2.31 that H 1 F (F, X ⊗ Λ/℘) has Λ/℘-rank one. Furthermore, as we have a natural injection
it follows by Nakayama's lemma that the Λ cyc -module H 1 F (F, X) is cyclic. On the other hand, κ 1 is a non-zero element of the Λ cyc -torsion free module H 1 F (F, X), it follows that H 1 F (F, X) has positive Λ cyc -rank. This concludes the proof of (i) when R = Λ cyc . We next sketch a proof of (ii) when R = Λ cyc . Fix a pseudo-isomorphism
where P is any height one prime dividing char (H 1 F * (F, X * ) ∨ ) and where each f j is prime to P. We content to prove that (4.1)
from which follows (ii). We will assume that p / ∈ P and therefore P is generated by a distinguished polynomial P ∈ Λ cyc = O[[γ cyc − 1]]. For a general height one prime Q of Λ cyc , let S Q denote the integral closure of Λ cyc /Q. Note that [S Q : Λ cyc /Q] is finite. Set P N = (P + π N ), where N is a positive integer (chosen sufficiently large to ensure that P N is a prime ideal). Write X N = (X ⊗ Λ cyc /P) ⊗ S P N . It follows from our assumption (1.2) that we have injections
with finite cokernels (whose size depend only on [S P : Λ cyc /P]). Define the Selmer structure F on X N by setting
As explained in the proof of Theorem 5.3.10 of [MR04] , for every sufficiently large positive integer N we have:
is finite with order bounded by a constant independent of N, (4) P N is prime to f j for every j.
Only the verification of (3) requires a slight enhancement of [MR04, Proposition 5.3.14] (so as to apply with the Selmer structure F in place of the Selmer structure F Λ in loc.cit.). This shows, proceeding as in the proof of Theorem 5.3.10 of loc. cit. (essentially, by only making use of the Kolyvagin system κ κ κ P N ∈ KS(X N , F , P) over the one-dimensional ring ring S P N ) that
where r = rank Zp S P . (4.1) now follows (for characteristic zero primes P) taking N sufficiently large in the inequality above. In case p ∈ P, we proceed by considering the ideals P N = (π + (γ cyc − 1) N ) and conclude the proof. When R = Λ, we may apply the results of Ochiai in [Och05, §3] in order to reduce the assertions in (i) and (ii) to the case of a dimension-two regular ring.
∨ is a torsion Λ cyc -module and the weak Leopoldt conjecture for E holds true.
Proof. This follows from Theorem 4.2(i) and the obvious injection
Proposition 4.4. Let κ κ κ ∈ KS(T, F L , P) be a Kolyvagin system with initial term 0 =
Then,
(ii) The Kolyvagin system κ κ κ and its image π cyc ( κ κ κ) ∈ KS(T cyc (E), F L , P) are both primitive.
Proof. (i) follows using a formal twisting argument, c.f. Lemma VI.1.2 and Theorem VI.4.1 of [Rub00] . Let g ∈ KS(T(E), F L , P) be a generator and let g 1 be its initial term. Write κ κ κ = r · g (where r ∈ Λ) so that tw (κ 1 ) = r · g 1 . It follows from (i) and Theorem 4.
which shows that r ∈ Λ × , proving the first assertion in (ii). It now follows from Theorem 4.1(ii) that the image κ κ κ ∈ KS(T (E), F L , P) of κ κ κ is non-zero and the second assertion in (ii) holds true by the commutative diagram
and by Theorem 4.1(ii). The final portion of the Proposition follows now from (ii) and Theorem 4.2(iii).
4.1. Rubin-Stark L-restricted Kolyvagin systems. The purpose of this section is to construct the L-restricted Kolyvagin systems T (that we proved t exist unconditionally in the previous section) out of the Rubin-Stark elements. In order to do so, we will first construct an Euler system of rank one (namely, an Euler system in the sense of [Rub00] ) that enjoys additional local properties at p. We will then apply Kolyvagin's descent on this Euler system.
The module of L-restricted Euler systems for T is denoted by ES L (T ). We similarly define the module of L-restricted Euler systems ES L (T (E)) for T (E).
Theorem 4.6 (Mazur-Rubin). For X = T or T (E), there is a canonical map
with the property that if c = {c K } K∈E ∈ ES(X) maps to κ κ κ ∈ KS(X ⊗ Λ, F can , P) then
where the inverse limit is over the finite sub-extensions M of F ∞ /F .
For any field K ∈ E, recall that ∆ K := Gal(K/F ) and write
We denote the image of ϕ K under this map still by ϕ K . Given a collection Φ = {ϕ K } as above, we obtain an element
In other words, the denominators δ K disappear once we apply the homomorphisms ϕ K .
Theorem 4.7 (Perrin-Riou, Rubin). c
Proof. This is proved in [PR98, §1.2.3]; see also [Rub96, §6] .
Localization followed by projection to
If Φ is an element of the left side of (4.2), its image under this homomorphism will still be denoted by the same symbol.
The following theorem tell us how to obtain L-restricted Euler systems (and L-restricted Kolyvagin systems) starting off with the Rubin-Stark Euler system C (g) 
equips us with a twisting morphism ES(T ) → ES(T (E)), which then evidently restricts to a map ES
under the map of Theorem 4.6 (applied with X = T (E)) lies in
) of the Kolyvagin system κ κ κ R-S (E) may be explicitly described: κ 
Gras' conjecture and CM main conjectures over F
Although our sights are set ultimately on the arithmetic of CM elliptic curves defined over F + , we present the following results for G m , first of which may be thought of a generalization of Gras' conjecture and second and third as the one-and two-variable main conjectures for the CM field F . We will later use these results to promote all inequalities we shall obtain using the Rubin-Stark Euler/Kolyvagin systems for T (E) of Remark 4.10 into equalities.
We assume until the end of this article that the following hypothesis on S holds true (recall as well that we assume the truth of the Rubin-Stark conjectures and Leopoldt's conjecture for L):
(H.S) The set S that appears in the definition of Rubin-Stark elements (see the start of Section 3) contains no non-archimedean prime of F that splits in L/F .
We have the identifications (by class field theory)
If in addition the strong Rubin-Stark conjecture holds true, then
Proof. It follows from Theorem 4.2(i) and Proposition 4.
It is these divisibilities we shall upgrade to equalities (and conclude with the proof of the theorem) with the aid of an analytic class number formula. In order to save space, we shall do this simultaneously. To that end, let R denote any of the coefficient rings O, Λ cyc or Λ. Correspondingly, let X stand for one of the representations T, T cyc or T ; V for one of the submodules V
(when we assume the strong Rubin-Stark conjecture, for one of S cyc and S ∞ as well). Let Q = H 1 (F p , X)/V , a free R-module of rank g. Define the map loc /V to be the compositum of the maps
Note that this map is injective by our choice of U. By slight abuse, we denote the isomorphic image of D inside Q also by D. Note with this convention that the map loc /V induces an injection loc
Henceforth, whenever the element ε is used with a coefficient ring R other than O, we implicitly assume the strong Rubin-Stark conjecture. When R = O, we mean by the characteristic ideal of a torsion R-module its initial Fitting ideal.
As we have indicated in the statement of Theorem 4.8, Ψ induces an isomorphism Ψ : ∧ g Q → D and furthermore verifies that loc /V (c) = Ψ(loc /V (ε)) (in fact by its very choice). We therefore have
Furthermore, the following sequences are exact:
Global duality states that the images of loc /V and loc * /V are orthogonal compliments. Hence
.
This together with (5.3) and (5.1) proves that
where the final equality is because loc /V is injective. (5.2) shows further that
Choosing the auxiliary set of primes T that appears in the definition of Rubin-Stark elements carefully (as in [Büy09a, §2.1], see also the discussion preceding Theorem 3.11 in loc.cit.), one may use the analytic class number formula (together with an inclusion-exclusion argument) for all fields between L and F to convert the inequality of Theorem 5.2(i) into an equality, concluding the proof of the first assertion in (i). See [Rub92, §5] , [Rub96, Corollary 5.4] and [Pop04, §4.2] for details. Tracing back the inequalities above, we see that we in fact have an equality in the divisibility
,Ψ ) of (5.1) and it follows from Theorem 4.2(iii) that the Kolyvagin system κ κ κ R-S (T ) ∈ KS(T, F L , P) (which is the image of κ κ κ
R-S
) is primitive. The second assertion in (i) now follows from Theorem 4.1(ii).
Theorem 4.1(ii) shows that the image κ κ κ
is primitive as well. Hence we have equality in the divisibility
of (5.1) and therefore, also in (5.5) when R = Λ cyc . This is exactly the statement of (ii). When R = Λ, the divisibility (5.5) reads 
All this shows (along with (5.6) and (ii)) that there are generators f (resp., g) of
and f divides g. We conclude using Lemma 5.3 that g/f ∈ Λ × , concluding the proof of (iii).
Proof. Write g = f · h with h ∈ Λ, so that f − g = f (1 − h) ∈ ker π cyc . Since f / ∈ ker π cyc , it follows that 1 − h ∈ ker π cyc ⊂ m Λ , where m Λ is the maximal ideal. Hence h is indeed a unit.
Proof. Observe that ker π cyc = (γ * −1)Λ where γ * ∈ Γ is any lift of a topological generator of Γ/Γ cyc . By the control theorem, 
. The divisibility may be promoted to an equality if the Strong Rubin-Stark conjecture holds true.
Proof. The first part follows from Proposition 2.35 and Theorem 4.2(ii) and the second from the proof of Theorem 5.2.
Remark 5.7. Let K be any field contained in the collection C. The defining property of the Rubin-Stark elements and Example 3.2 show that loc /V (ε
and the exterior product is taken in the category of O[Gal(K/F )]-modules. We will simply write loc /V (ε
Definition 5.8. Recall the free-module
to be the tower of Rubin-Stark elements along F ∞ . Here the inverse limit is taken over all finite subextensions of F ∞ /F and the second equality holds thanks to the fact that each module Q M is free as an O[Gal(M/F )]-module and the transition maps 6. The cyclotomic (supersingular) main conjecture for CM elliptic curves
The goal of this section is to apply results from Section 4 to study the cyclotomic Iwasawa theory of a CM elliptic curve at a supersingular prime.
Recall that F cyc ⊂ F ∞ denotes the cyclotomic Z p -extension of F and F n its nth layer. Further notation from Section 2.4.1 is also still in effect. In particular, recall the characters ρ, ρ and ω E . Also until the end, the Dicihlet character χ is chosen to be ω E .
Throughout Section 6 we assume that p splits completely in F + /Q. As before, let 6.1. Preliminaries. In this subsection we recall some classical results (due mostly to Coates and Wiles) in the Iwasawa theory of CM elliptic curves. We shall initially record them being faithful to the original notions and notation, and later in Remark 6.5 explain which objects we have introduced in the previous sections they correspond to.
Let M be the maximal abelian pro-p extension of F := F (E[p ∞ ]) unramified outside primes above p. Set X := Gal(M/F) and
For any extension M of F (finite or infinite), consider the relaxed Selmer group 
Proof. Proof of (i) is essentially due to Coates and Wiles and follows from the criterion of Néron-Ogg-Shafarevich utilized as in the proof of [CW77, Theorem 2]. Nekovář's strong control theorem applied in our setting shows that
and it follows from Lemma 6.1 and (i) that
. The statement concerning the Selmer group Sel p (E/F cyc ) is proved in an identical fashion.
For every prime p i of F above p, we denote the prime of F above p i also by the symbol p i . Let U i = lim ← − U M be the inverse limit (with respect to norm maps) of the local units (at p i ), where M varies over finite subextensions of F p i /F p i . The compositum of the maps
(where the first map comes from the identification 
Remark 6.5. Let F str denote the strict Selmer structure on Z (where Z = T or T(E)) given by the local conditions:
It follows easily using the inflation-restriction sequence that
∞ . By Lemma 6.4, we conclude that
and on tensoring with Λ cyc (and using once again the perfect control theorem)
Furthermore, we have
and on applying both sides with ⊗ Λ Λ cyc ,
Here tw :
is the twisting morphism which factors through the Λ-isomorphism (that we still denote by tw)
6.2. Plus/Minus Selmer groups and p-adic L-functions. Following [Kob03] (see also [IP06] ), we define the ±-subgroups as follows:
Definition 6.6. For every positive integer n, set
where Tr n/m (x) : E(F n,p i ) −→ E(F m,p i ) is the trace map. We also set
Definition 6.7. Let Sel p (E/F n ) denote the classical Selmer group attached to E and
Define the ±-Selmer groups by setting
. 
cyc in a similar manner. Let α : U → X be the Artin map of global class field theory (and likewise the compositum 
are both free of rank one,
whose image under the natural map
is the module V ± i and is such that both
3. An explicit reciprocity conjecture for Rubin-Stark elements. As we have assumed that the prime p splits completely in F + /Q, we may identify F
with Q p and the constructions of Kobayashi [Kob03, §4] for a supersingular elliptic curve defined over Q p carries over.
Definition 6.11. Given positive integers n and 1 ≤ i ≤ g, let E 1 (F n,p i ) ⊂ E(F n,p i ) denote the kernel of the reduction map modulo p i . Then E 1 (F n,p i ) is the pro-p part of E(F n,p i ) and we define the logarithm map λ E to be the compositum
whereÊ is the formal group of E/F p i .
We consider Kobayashi's trace-compatible sequence of points d n,i ∈ E(F + n,℘ i ); we refer the reader to [PR04, §3] for basic properties of these points and their comparison with Kobayshi's original construction. Using the complex multiplication map E(F 
is the L-series twisted by the character χ.
(ii) For all but finitely many characters χ of Γ cyc , we have L(E, χ, 1) = 0.
Remark 6.15. The first part of Conjecture 6.14 is a natural generalization of Coates and Wiles' reciprocity law [CW77, Wil78] . The second part proposes an extension of Rohrlich's [Roh84] non-vanishing theorem in the special case F + = Q; see also [Roh89] for a result in this direction (which proves the weaker statement that (ii) holds true for infinitely many characters χ). 
Recall the lift V
is the image of Ξ j . First, notice that S is linearly independent over Λ and S cyc is linearly independent over Λ cyc . Indeed, if
, then this would imply that
where col j denote the jth column of the matrix σ∈Γn χ −1 (σ) x σ i ⊗ p −k , u i,j i,j and a ∈ O is the image of a ∈ Λ cyc under the augmentation map. The explicit reciprocity conjecture (applied for large enough n with x n,i chosen as Kobayashi's elements d n,i ) shows that a i = 0 for every i, so that a i = (γ cyc − 1)b i for some b i ∈ Λ cyc . As the Λ cyc -module H 1 (F p , T cyc (E)) is Λ cyc -torsion free, we conclude
g = 0 and in turn that each b i is divisible by γ cyc − 1. Iterating this argument, we conclude that each a i is divisible by arbitrarily large powers of γ cyc − 1, then a i = 0 for every i. This completes the verification that S cyc is Λ cyc -linearly independent. The assertion that the set S is Λ-linearly independent is proved similarly. We therefore conclude that Ξ is a free Λ-module, Ξ cyc is a free Λ cyc -module and both have rank g.
We now content to prove that
belongs to V ǫ E,cyc (where ǫ = + or −) for some a 1 , · · · , a g ∈ Λ cyc . Let n be a positive integer chosen so that the sign of (−1) n is ǫ and L(E/F + , χ, 1) = 0 for some primitive character χ of Γ n . If col 1 , · · · , col g are the column vectors of the matrix σ∈Γn χ −1 (σ) x σ i ⊗ p −k , u i,j i,j as above, we conclude once again that
and by the explicit reciprocity conjecture, that each a i is divisible by γ cyc − 1. Write a i = (γ cyc − 1)b i so that we have
But according to Proposition 6.10(ii), the Λ cyc -module H 1 (F p , T cyc (E))/V ǫ E,cyc is torsionfree and therefore
. Repeating the argument s times (for every positive integer s) we conclude that (γ cyc − 1) s divides each a i , and therefore that a i = 0, as desired.
It is not hard to see that there is an r ∈ Λ with π cyc (r) = 0 and r · Ξ ⊂ M (hence, we also have π cyc (r) · Ξ cyc ⊂ M cyc ). The submodule π cyc (r) · Ξ cyc has Λ cyc -rank g and therefore the quotient M cyc /π cyc (r) · Ξ cyc is torsion. This in turn shows that there is a nonzero elementr ∈ Λ cyc withrM cyc ⊂ Ξ cyc . Using this observation, the fact that H 1 (F p , T cyc (E) is Λ cyc -torsion free and our conclusion from the previous paragraph that
It now follows at once from Nakayama's lemma that M ∩ V ± E = 0 as well.
Remark 6.17. Theorem 6.16 supplies us with two natural choices for the free Λ-module V E in Definition 2.27:
6.4. Rubin-Stark elements and the plus/minus main conjecture. Throughout this subsection, we assume the truth of the Explicit Reciprocity Conjecture 6.14 (therefore, implicitly the truth of Rubin-Stark conjectures) and of Leopoldt's conjecture for the number field L. Throughout, let ǫ stand for one of + or −.
Definition 6.18.
(The quotient Q ǫ,∞ is related (via the twisting map tw) to the quotients Q defined as in Section 5 and the map loc ǫ p to loc /V .) Observe that Q ǫ,∞ is a free Λ-module of rank g by Proposition 6.10(iii) and the map loc 
Definition 6.19. For a fixed topological generator γ of Γ cyc and n ≥ 1, define
and set ω On the other hand, Conjecture 6.14 (which we assume) together with Proposition 6.12 shows that
where ǫ is the sign of (−1)
n+1
. It follows from (6.7), (6.8) and (6.9) that L(E,χ, 1)
for every k. The proof of the Theorem follows from the interpolation property of the p-adic L-function L ǫ (E/F + ). Proof. By Corollary 4.3, it suffices to prove the existence of a Kolyvagin system κ κ κ ∈ KS(T cyc (E), F L , P) with non-vanishing initial term κ 1 ∈ H 1 F L (F, T cyc (E)). A suitable modification in Theorem 4.8 (so as to allow the replacement of T with T(E) and L with L E , etc.) shows that there is an isomorphism Ψ : ∧ g Q ǫ,∞ → L E and a Kolyvagin system κ κ κ(R-S) ∈ KS(T(E), F L , P) with the following properties:
• The initial term κ 1 (R-S) ∈ H 1 F L (F, T(E)) of κ κ κ(R-S) verifies that (6.10) loc ǫ p (κ 1 (R-S)) = Ψ(u R-S ) .
• Let κ κ κ cyc (R-S) ∈ KS(T cyc (E), F L , P) be the image of κ κ κ(R-S) and let κ cyc 1 (R-S) ∈ H 1 F L (F, T cyc (E)) be its initial term. Then (6.11) loc ǫ p (κ cyc 1 (R-S)) = Ψ cyc (ū R-S ) . where Ψ cyc : ∧ g Q ǫ,cyc → L cyc E is the isomorphism induced from Ψ by base change. The proof now follows from (6.11) Theorem 6.20 and the second part of the Explicit Reciprocity Conjecture 6.14 (from which follows that L ǫ p (E/F + ) ∈ Λ cyc is non-zero).
Definition 6.22. Let F ǫ denote the Selmer structure on T (and on its subquotients, given by propagation as usual) defined by the local conditions (where the exactness on the left follows from rank considerations and the fact that V ǫ E,cyc is free of rank g) This shows using Proposition 6.10(iv) that Proof. The proof of Theorem 5.9 applied with the Kolyvagin system κ κ κ cyc (R-S) ∈ KS(T cyc (E), F L , P)
in place of the Rubin-Stark L-restricted Kolyvagin system for T and the Selmer structure F ǫ in place of F tr shows that char H Remark 6.27. The analogous statements to Theorem 6.26 may be proved in the ordinary case using the ordinary CM main conjectures, c.f. [Hsi12, Büy13b] .
